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ABSTRACT 
Quadratic inequalities associated with positive-definite matrices which are derived 
from integrals of reproducing kernels are examined and applied to obtain a new class 
of inequalities for functions in functional Hilbert spaces. 
1. INTRODUCTION 
In our recent publications [7,8], we have established several fundamental 
inequalities by using the theory of reproducing kernels. As a natural extension 
of these papers, we shall derive here quadratic inequalities that are induced 
from integrals of reproducing kernels. 
In order to motivate our results we start with a relatively simple setup of 
n X n (1~ n < CO) complex matrices. The transpose and the complex con- 
jugate of a matrix B are denoted by Z?’ and B, respectively. We let B* 
denote the adjoint of B, i.e. B* = 2’. The space of n x 1 matrices is denoted 
by Q= “, and we let N denote the set { 1,2,. . . , n }. We fix a (strictly) 
positive-definite matrix A such that A = xP i. We shall think of C n as a 
vector space of all complex-valued functions on N, and denote this space by 
H,(A) when it is equipped with the following inner product ( , )*: 
(x,y),=y*Ax. (1.1) 
In particular, H,(Z), where Z is the identity matrix on Cm, is the standard 
space of square-summable sequences Z2(C). 
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Let a(i, j) and a”(& j) (1~ i, j < n) be the elements of the matrices A 
and A, respectively, and define a function K on N x N by 
K(i, j) = cqi, j) (i, j E N). 
Then K is the reproducing kernel for the space H, = H,,(A), i.e., for any 
jEN 
for every x = [xi, x2 ,..., x,]’ in H,(A). 
To proceed with the above setup, we recall some notions from the general 
theory of reproducing kernels [l, 2, 91. Let A be an arbitrary nonvoid set, 
and let p be a u-finite positive measure on a measurable set I’. We consider 
the usual separable Hilbert space L2 (p, T) with the quadratic norm 
For p-almost all t E T, we assume the existence of a positive-definite kernel 
K, on A which is also p-integrable on T. It follows that there exists a unique 
functional Hilbert space H, of functions on A and whose reproducing kernel 
is K,. It also follows that the kernel K,, given by 
is well defined and positive-definite on A. Moreover, K,. is the reproducing 
kernel on A of the functional Hilbert space 
H,= 
/ RIH,&dO 7 
For the description of direct integral space H,, recall that any member f of 
H, is expressible in the form 
f(P) =J;‘,(P)w (PEA) (1.3) 
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(1.4) 
The quadratic norm on H, is then 
where the minimum is taken over all functions F, E H, (t E T) satisfying (1.3) 
and (1.4). 
For our specific purpose, we let A be N. Then, (1.2) with p, 4 E N, gives 
an interrelationship between the two positive-definite matrices induced from 
K, and K, (t E I’), which in turn yields a desired quadratic inequality, stated 
in Section 2. In Section 2 we also formulate and prove a general theorem for 
quadratic inequalities; Section 3 is devoted to some concrete applications of 
this theorem. 
2. GENERAL THEORY 
First, in the general situation exhibited earlier, for a given f E HT we 
shall determine a function @t E H, (t E T), satisfying (1.3) and such that 
Ilfllff, = I;!liill:,,4@. 
provided some mild conditions are imposed. More specifically, the family 
{K*),,r is said to be regular if the following two conditions are satisfied: 
For any p E A and any f E H,, 
( J f? TKt( Y P)44t) ) J = (f> K,( > P))H$P(G, (2.1) HT T 
272 
and for any F, E H,, t E T, as in (1.3), 
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(2.2) 
where 9 E A is a dummy variable of “integration.” Note that we regard two 
functions F/l) and F,“) 
p-almost all t E T. 
in H, (t ET) as equal if llF,(‘) - F:‘)llI,, = 0 for 
THEOREM 2.1. *Assume the family { K, }t E T is regular, and let f E H,. 
Then the function F,, t E T, defined by 
E’,(P)=(f&( >d>H,. (PEA> 
is in H, with 
f(p) = @b)dp(t)~ llfll;,,. = ~l~tll~,d~(t) (PEA). 
Proof. By the reproducing property of K, and (2.1), 
f(P)=(f&( d))HT 
=/,!fJ,( ,P))H,d&) 
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for all q E A, we obtain, using (2.2), with q as a dummy variable, 
This completes the proof. n 
Next, in order to state the above result explicitly in terms of matrices, we 
assume that for CL_almost all t E T, the matrix A, = (a,(i, j)) is positivedefi- 
nite and that the elements a,(i, j) (i, j E N) are all p-integrable on T. Then 
we set 
4i, j) = bl’i, j)@(t) (i,jEN), 
A, = (a,(4 j)), and thus 
A, = 
/ 
A,+(t). 
T 
Accordingly, for F, = [F,(l), . . . , F,(n)] + we let 
provided F,(j) are all p-integrable on T for j E N. 
We are now in a position to state and prove our main result: 
THEOREM 2.2. Let A, and F,, t E T, be as above. Then 
( @dt)ilAT( @+@)) G ~(Ft*AtFt)ddt) (2*3) 
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with equality holding if F, = [F,(l), . . . , F,(n)] ’ is of the form 
for p-almost all t E T. 
Proof. We set K,(i, j)= a,(i, j), and K,(i, j) = a,(i, j), i, j E A? Then 
K, and K, are the reproducing kernels for the functional Hilbert spaces 
H,( A”,) and H,( AT), respectively, on N. In particular, 
K, = 
J 
K,+(t). 
T 
Now, the norm of jTFt dp(t ) in H,( A”r) is precisely the left-hand side of 
(2.3), and for any t E T, the norm of F, in H,( A”,) is F,*A,F,. Thus, from the 
definition of the nonn in the space 
the desired inequality (2.3) follows. Moreover, the equality statement of the 
theorem follows from Theorem 2.1, and the proof is complete. H 
3. APPLICATIONS OF MAIN RESULT 
In the following, we will examine several typical applications of Theorem 
2.2. We begin with the simplest case. 
3.1. Positive-Definiteness of Order TWO 
The 2 X 2 matrix 
Al=; t 
[ 1 a (a ’0) 
is positive-definite for each t E (0, a), and its inverse is 
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Moreover, the corresponding A,, T = (0, a), which will be denoted here by 
A, is given by 
1 1 
A= / ‘A,dt=a2 ’ , 
0 
I 
1 2 1 
1 
and thus 
A-‘= -$[ _; -;I. 
Theorem 2.2 therefore gives the following inequality: 
for any pair (F,, F,) of integrable functions Fj (j = 1,2) on (0, a). An 
equivalent formulation of this inequality is contained in the following corollary: 
COROLLARY 3.1. Let Fj (j = 1,2) be integrable on (0, a). Then 
REMARKS. Some remarks concerning the above inequality are in order: 
(1) If the functions F, and F, are proportional, say F, = F and F, = AF, 
X E C, then the above inequality reduces to 
/ 
(I U-Lx-t 
pIF12dt 
2 2-x 0 u2-t2 (3.1) 
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2Reh 
X=l+lh12: 
and thus - 1~ r < 1. We now compare the inequality (3.1) with that which 
fohows directly from the Cauchy-Schwarz inequality. When x = 0, the 
Cauchy-Schwarz inequality gives 
an inequality stronger than that of (3.1) when x = 0. If x = - 1 or x = 1, the 
Cauchy-Schwarz inequality gives 
or 
respectively. These inequalities are identical with (3.1) when x = - 1 or 
x = 1. 
When, on the other hand - 1 < x < 1, x # 0, the Cauchy-Schwarz in- 
equality gives 
/ 
*a-xt 
X -pq2dt. 
0 a2--t2 
This inequality is stronger than that of (3.1) for - 1 < x < 1, x f 0. To see 
this, one notices the elementary fact that the function g(x) = 2x + (2 - 
x)log(l - x) is negative for 0 < x < 1 and positive for - 1 < x < 0. 
It follows, therefore, that the true strength of the inequality in Corollary 
3.1 is exhibited only when the functions F, and F, are not proportional 
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(2) Corollary 3.1 may be generalized in several directions. One such 
direction is as follows: Take any real-valued function h on (0, a) satisfying (i) 
h E L’(0, a), (ii) h(a) > 0, and (iii) { h(t)}2 < { /~(a)}~ for any t E (0, a). We 
then consider the matrix 
and proceed as before. 
(3) Another possible generalization is to consider a complex-valued func- 
tion h on the semidisk 
D,= {zGC; ]z]<a,Rez>O} 
satisfying (i) h E L’(D,), (ii) h(z) =h(z) for z E D,, (iii) h(u) > 0, and (iv) 
Ih( < Ih( for any z E 0,. We then consider the matrix 
and proceed as before to obtain a complex version of the corollary on 0,. 
3.2. Conditional Positive-Definiteness 
A matrix A = (uij) of order n X n, 1~ n < co, is said to be conditionally 
positive-definiteifz*Az>,Oforeveryz=[~~,...,z,]~inQ:“with~~=~~~=O. 
A well-known result of Loewner [6] states that A is conditionally positivedef- 
mite if and only if the matrix e*(t) = (b,,(t )), defined by 
bij(t) = e”*l (tER, l<i,j<n) 
is positive-definite for every t > 0. In conjunction with Theorem 2.2, this 
result yields: 
COROLLARY 3.2. Let A be a conditionally positivedefinite matrix of 
order n X n (1~ n < co), and let ~1 be a u-finite positive measure on (0,~). 
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Assume that e, is CL-integmble on (0, co). Then 
6 J %t)*W)F(t)+(t) 0 
fir any F( t ) = [ F,( t ), . . . , F,( t )] f which is p-integrable on (0, m). 
3.3. Integrated Kernels 
We shall exploit here the integrated kernel KT in (1.2). For miscellaneous 
expansions of positive-definite kernels of this type we refer to Berezanskii [3, 
Chapter 81 and to Burbea [4, 51. As an example, we consider the family of 
positive-definite kernels K(q), 9>0, on the unit disk A= (SEC; ]~]<l} 
defined by 
Let At-i be the corresponding functional Hilbert space of holomorphic 
functions on A such that K(q) is its reproducing kernel. Thus, in particular, 
A: is the Hardy space with the Szego” kernel KC’); At is the Bergman space 
with the Bergman kernel K@); and AtpI, 9 > 1, is the weighted Bergman 
space with the weighted Bergman kernel KCq’. 
For 9 > 0, we consider the kernels { Kjq)}, t E (0, l), on A defined by 
Let p > 9 > 0, consider the prohability measure EL,,, on (0, 1) defined by 
dp,,,(t) = 
r(P) 
rC9NP-9) 
t&(1 - tyy 
and denote by L’(F~,~) the space L’(/_L~,~, (0,l)). It follows from the identity 
(l-z)-q=~l(l-tz)-Pd~,,p(t) (BEA) 
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KIV)(Z,I)=S01KIp)(3,S)dPq.p(t) (z.l~A) (3.2) 
(see Burhea [4, 51). Denote by Dq, 9 > 0, the nonnegative function 
D,(z,[) = Kyz,z)K(q)(~,~) -(K’q’(2>3.)12 
on A x A, and note that D,( z, {) = 0 if and only if z = 5. 
Under these circumstances, Theorem 2.2 gives: 
COROLLARY 3.3. 
Then. 
Let p > 9 > 0, Fj E L’(pp,,), and zj E A (j = 1,2). 
- 2Re (1- z1Z2) 
i 
+(1- lz212) -U/p2Gq>,(l 
This corollary takes a particularly simple form when 9 = 1 and p = 2, for 
in this case (3.2) exhibits the simple relation 
between the Bergman and the SzegG kernels. 
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